Chapter 4

Discrete Fourier Transform (DFT)
And
Signal Spectrum
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Fourier Transform History

Born 21 March 1768 ( Auxerre ).

Died 16 May 1830 ( Paris )

French mathematician and physicist.

Best known for initiating the investigation of Fourier series.

Fourier series applications to problems of heat transfer and vibrations.

The Fourier series is used to represent a periodic function by a discrete
sum of complex exponentials.

Fourier transform is then used to represent a general, non-periodic
function by a continuous superposition or integral of complex
exponentials (the period approaches to infinity).

Jean-Baptiste Joseph Fourier
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Discrete Fourier Transform

 In this chapter we introduce the concept of Fourier or frequency-domain representation of signals.

* Discrete Fourier Transform (DFT) transforms (break up the signal into summations of sinusoidal components) the
time domain signal samples to the frequency domain components (frequency analysis ).

A A .
= = Signal
- -
= DFT E= Spectrum
o o
- =
<T <T
> >
Time Frequency
In the time domain, representation of digital signals describes the signal The representation of the digital signal in terms of its frequency component in
amplitude versus the sample number (time). a frequency domain, displays the frequency information of a digital signal

(signal spectrum).

* Fourier analysis is like a glass prism, which splits a beam of light

into frequency components corresponding to different colors. _. d ‘\
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Continuous-time sinusoids

A continuous-time sinusoidal signal may be represented as A
a function of time t by the equation

.4::)641}/—
frequency phase in radians \/

x(t) =Acos(lnfpl +8), —o0<t<

The angular or radian frequency (radians per second.) £y = 2w Fpy 1t

A discrete-time sinusoidal signal is conveniently obtained by sampling

the continuous-time sinusoid at equally spaced points t = nT o o
F s : normalized
x[n] = x(nT) = Acos(2m FynT 4+ &) = Acos (E.Tr—n + H) f=—==FT, ~ frequency I
= Acos{wpn + &), —00 < A = 00 ? w = 2nf = '_rL — QT, normalized angular
; frequency

. y . . Yy e . R Tylih = oo Zmiyr
Using Euler’s identity ¢ = cos¢ + jsind, we can express every sinusoidal N 1 £
signal in terms of two complex exponentials with the same frequency % N

rd % ___.-I 1"-\_.-"!
A o A ;

Acos(Qpt +8) = Ec*‘”em”’ + ;E'J";E'Jﬂ”’. = ity
Frequency (positive quantity.), viewed as the number of ; 8
cycles completed per unit of time. LTINS ¥
Negatlve frequenC[eS IS a convenient way to describe For continuous-time sinusoids. F; < F2 always implies that T >

Slgnals In terms Of Complex exponentlals. CEN352, DR. Nassim Ammour, King Saud University
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DFT: Graphical Example

Time domain

5 T T T
, , AR i AT T § 1000-Hz sinusoid with 32 samples at
Time domain : ‘ ) : . ‘ ' ! . .
representation iR =il Al | a sampling rate of 8000 Hz in
g oo e T
l l l l l l L @L Sampling Rate
. My | o & | ey 8000 samples = 1 second
0 5 10 15 20 25 30 -> sampling period T, = —— = 125us
Sample number n . 8009
Duration of 32 samples =32*0.125 ms =4 ms
E I I I | I I I
= o Amplitude peak is located Slgnal Frequency
'EEE 4l at the frequency of 1 KHz |
o 1000-Hz sinusoid ->T = 1ms
= 32 samples=4 ms -> 4 cycles.
Frequency domain ¢ 2r¢ -
representation -E
bb—a—&— o—d—a—a—o & o 0O o & o
0 500 1000 1500 2000 2500 3000 3500 4000
Frequency (Hz)
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DFT Coefficients of Periodic Signals

2T
« Given a set of N harmonically related complex exponentials e/ N " \We can synthesize a signal x[n]

N—1
x{n] = E E,QEJ%R”.

N + 1y =x1)

&)

g

1N

Xl )
k=0 x(1y T R
x[n] is sampled at a rate of f, Hz (period To= NT = N fi) ““““*-__ .
: . . -“DJI ] [ T
Equation of DFT coefficients: Oy Pa—
T, = NT

We determine the coefficients ¢, from the values of the periodic signal x[n]
__1 Sum over one period ]

N-1 Fourler Synthesls Equation
] (] ik DTFS
Cy = — Xmpe -+« . N—1 ;
TN 2. k=0,+1,42,... o) . v %6
a=0 Discrete-Time Far

Fourier Series

We have: e/? = cos(0) + jsin(0) and e/(®+2™ = eI period of 2

For 6(t) = wt — e/®! = cos(wt) + jsin(wt) Rotation of a point on a circle
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Periodic Digital Signal x[n]

Fourler Analysls Equation
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DFT Coefficients of Periodic Signals

* Fourier series coefficient Cy, is periodic of N Remarks
]n'l.,f_] H_} 1. spectral portion between the frequency
IILJ-"'-"In — 2 — fs and f; (folding frequency) represents
LJH— N = Z H |';" N Z H £ "r “-' e - frequency information of the periodic
N N o signal.
n= n=H

. i L 2. For the k" harmonic, the frequency is
Since e_] mmn _— COS(ZT[n) — ]Sln(ZT[n) =1 ‘ CK+N — CK f = kf, Hz (f, is the frequency resolution
=The frequency spacing between the
consecutive spectral lines)

) |£.‘£| DC component kf, = 0xf_=0 Hz 3. the spectral portion from % to f,isa
[ The spectrum C has Other harmonics ... 1st harmonic kf = 1xf =f Hz copy of the spectrum in the negative
two sides. 2 » frequency range from —f;/2 to 0 Hz due to

[ . :
/- qthEI‘ harmnryt:s " = the spectrum being periodic for every
& ™ & ™ fs = Nfy Hz.
Amplitude

spectrum of the » | T | R ;
periodic digita W2 J Hf BT Lh|ihth ]
0

signal - L
¥ /*l Js=Ni b =

2nd harmonic kf = 2xf = 2f Hz
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Example 1
The periodic signal x(t) is sampled at f, = 4Hz x(t) = sin(2nt)
a. Compute the spectrum Cj using the samples in one period.

b. Plot the two-sided amplitude spectrum |C; |over the range from -2 to 2 Hz.

Solution:

Fundamental frequency

/

a. We match x(t) = sin(2nt) with x(t) = sin(2rft) andget [ = 1Hz D

Therefore the signal has 1 cycle or 1 period in 1 second

Sampling rate f;, =4 Hz # 1 second has 4 samples.

Hence, there are 4 samples in 1 period for this particular signal.

Sampled signal

1
T=7= 0.25 se¢ pmm——) x(n) = x(nT) = sin(2anT) = sin(0.57n).
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Example 1 -contd.

(1)

x(rn)
x(n) = x(nT) = sin(2nnT) = sin(0.57n). (L XD
x(0) = 0; x(1) =1; x(0) |/ W S L I LT
x(2)=0; x(3)=-1 = S l — l
(3 4
it -
{ V=l - N =4
b. spectrum | . — E’;I[H}E—J?‘ k=01 N—1
cy = ii x(n) = l(x{D}+x{1}+x{2}+x{3}) ~lo4140- 1) =0
4 2o 4 - 4
c = f—l Zj: x(mye 12mx1aid — f—l(x{[}_}+ x(1)e ™2 4 x(2)e ™ 4+ x(3)e *f3“-"'2j

=0

= 2 (X(©) ~ x(1) - X(2) + j*(3) = 0~ j(1) ~ 0+ j(-1)) = ~05
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Example 1 -contd. (2)

3
Y. X(mem=PSAT = OB
n=0

|

3. 3 v
__ P \ jerxdnfd _ , B
02 = 2 HZE:J x(n)e 0, and c3

Using periodicity, it follows that ¢ ; =¢3 =05 andc s =¢; =0

The spectrum in the range of -2 to 2 Hz presents
the information of the sinusoid with a frequency of

| / 1 Hz and a peak value of 2|C,| = 1.
05 05 o5 T057 05 05
F 1 & : & F : & ik
The amplitude spectrum | | e
for the digital signal i 4
: { Hz
=, e T i it - K 3 3
fl2=2
e 2
fi=4
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Discrete Fourier Transform DFT Formulas

x(t) This portion of the signal is used for
A DFT and spectrum calculation

acquired N data samples with
E D 1
/—\ ; * duration of T

.r\ X(N)=x(0)

'\/ t
Imagine periodicity of N
. —
[ """ samples.
te .,
X(K)=Ncy Take first N samples (index O to N-1)

DFT

k=0.1~N-1  <«—— 35 the input periodic signal x(n) to

DFT.

N
x(n) l x(n)

x(1) & ¥
e B [ n=0,1,--,N-1
X(0) {T x(N-1)  t=nT
» N
0 N-1

f=kAf

Af=f,/ N
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DFT Formulas

Given N data samples of x[n], the N-point discrete Fourier transform (DFT) X (k) is defined by:

N_1 DFT Coefficients
. - Formula.
= ZI(H}E =

X(k) = Ney = ¥, k=01 N-1
! n={
N—1 Fourier series coefficients
=Y x(m)Wg', fork =0,1,~+N—1
n=I()

» kis the discrete frequency index (frequency bin number) indicating each calculated DFT coefficient.

X(K) = (O)WE + (WA + x(QWE 4 - 4 x(N = )Wy, fork = 0,1, N -1
_jjw.'l.l,"r :".']T VBT 2_].[.
Where the factor W is called the twiddle factor Wy = e = cos E — JSIN ﬁ
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Inverse DFT

Given N DFT coefficients X[k], The inverse of the DFT x[n] is given by

Hn) = Z X(k)e**sIN == Inverse DFT (IDFT)

1 = — K
— > X)Wy, forn =0,1,---,N —1

xin) = N(x{mw L X(1)We™ + X)W + -+ X(N = 1)W N~ ““),

form =0.1,-- N—1

Analysls equation Svnthesls equation | I < | . }
oy = —WiXy = —WtX,. (IDFT)
X[k] = ‘T AW s ya] = —Z XTkTW;
el W itis the conjugate transpose of I/,
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MATLAB Functions

We can use MATLAB functions fft() and ifft() to compute the DFT coefficients and the
inverse DFT with the syntax listed in Table:

FFT: Fast Fourier Transform

MATLAB FFT funchions.

X =t x) % Calculate DFT coetticients
X = (it (X) % Inverse DFT

X = input vector

X = DFT coetficient vector

CEN352, DR. Nassim Ammour, King Saud University
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Example 2
Given a sequence x(n) for 0 <n < 3 where x(0) = 1,x(1) = 2,x(2) = 3,and x(3) = 4.
evaluate DFT X (k).

Solution:
TC > > .TTkNn
SinceN=4and W, =e /2 » X(k) = 2 x (M)W = z x(n)e 2
n=0 n=0
3 . i 5 . X
Thus, fork =0  X(0)= ) x(n)e™” =x(0)e™ + x(1)e™ + x(2)e™" + x(3)e ™
n=0
= x(0) + x(1) 4+ x(2) + x(3)
3 i . P P it
for k = 1 X(l)= Z x(me T = x(0)e 7’ + x(1)e 77 4+ x(2)e /™ + x(3)e 77
n=(0

= X(0) — jx(1) — x(2) + jx(3)
=1-2—-3+j4=-2+2
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Example 2 -contd.

3
fork=2 X2 =) x(e?™ =x0)” +x(1)e7™ + x(2)e > + x(3)e "
n={0
= x(0) — x(1) + x(2) — x(3)
3
andfork =3 X(3) =Y x(me”T = x(0)e ™ + x(1)e?? + x(2)e " + x(3)e ™7
n=~0
= x(0) + jx(1) — x(2) — jx(3)
—14+2-3—j4=-2—j2
Using MATLAB,

> X = fft([l 23 4))
X = 100000 —2.0000 +2.0000i —2.0000 — 2.0000 — 2.0000i
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Example 2 -contd.

Using the DFT complex matrix

We first compute the entries of the matrix W, using the property:  wi" — w} = e IF% — cos | :

(Wi owyowy Wi T

: o ' H’E WJ Wy W; 1

The result is a complex matrix given by: ~ Wa = | 115 W2 oW wWe =1
i owy owiowil L

The DFT coefficients are evaluated by the matrix-by-vector multiplication

(X[0]] 1 | | 1111 10

X[ipp (v —=j —I 2] _|—2+72)

X[211 |1 -1 I —-1][3]™ )

X Lo =t =il 4] [-2-2)]
In MATLAB these computations are done using the commands:

The DFT x=[0 1 2 31?: W=dftmtx(4): E=VWex:

The inverse DFT x=1inv (W =X
CEN352, DR. Nassim Ammour, King Saud University




Example 3

Using DFT coefficients X(k) for 0 < n < 3 of previous example, evaluate the inverse
DFT (IDFT) to determine the time domain sequence x(n).

Solution:

N=4dand W' =¢/3 P x(n)= ZX(AJW‘”* ZX (k)e’™.

3
forn =0 x(0) =— Z X(k)f’ﬁl — % (X{G)E’jﬂ + X(1 )E”'ﬂ -+ X(E;'f'jﬂ T X(SJE*H})
—0
(104+(—-24+2)-24+(-2—-j2)) =1

fornm =1 x(l) =

4‘-=|— l“-‘-l'—- B | -
=

3
Z Kels — ] (X(mei“ X(1)efs + X()e/™ + Xm)e-f%")
K=

(X(0) + jX(1) — X(2) — jX(3))

-I‘-‘r-l'—-i"-“ul'—

(10+j(—24+2)—(-2)—j(—2—j2)) =2

CEN352, DR. Nassim Ammour, King Saud University
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Example 3 -contd.

1 1

3
forn=2 x2)= ) X(k)eHT = E(Z’(U)E"ﬁ + X(1)e!™ + X(2)e*™ + X(3)e7)
k=0

7
%{X(UJ ) 4 X(2) — X ()
j—lilﬂ-—(—2+;z)+(-2)- —2-j2) =

and for n = 3 x(3) = 3—1;){(;’5).&-1@ L (X + XD 4 X 1 X))
%{X{U) — jX(1) — X(2) + jX(3))
= (10— (=24 2) ~ (=2 +i(~2~jD) = 4

Using MATLAB,
>x=u(10 -24+2j -2 —-2-2j])
x=] 2 3 4.

CEN352, DR. Nassim Ammour, King Saud University
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Frequency of bin k

* The calculated N DFT coefficients X (k) represent the frequency components ranging from
OHzto f; Hz.
* The relationship between the frequency bin k and its associated frequency is computed using:

_ I
f = ks =kAf (Ha)

* The frequency resolution (frequency step between two consecutive DFT coefficients)

Af =2 (Hz)
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Example 4

In the previous example, if the sampling rate is 10 Hz,

a. Determine the sampling period, time index, and sampling time instant for a digital sample
x(3) in the time domain;

b. Determine the frequency resolution, frequency bin, and mapped frequencies for the DFT
coefficients X(1)and X(3) in the frequency domain.

Solution:
a. Sampling period: T = 1/f; = 1/10 = 0.1 second

For x(3), the time index is n = 3 and the sampling time instant is determined by

t = nl = 3:0.1 = 0.3 second
fs 10 i\

b. Frequency resolution: Af —2% -~ — 2 5Hz. Af
TN 4
! ,e./
Frequency bin number for X(1)isk=1, k£, 1x10 R <=
and its corresponding frequency is TN T T4 25 Hz. e 8 5 0 00 00

Similarly, fo.r X(3)isk=3, gnd its . By 3N oo
Correspondlng frequency 1S A h‘r - 4 LT . CEN352, DR. Nassim Ammour, King Saud University 21




Amplitude and Power Spectrum

* Since each calculated DFT coefficient is a complex number, it is not convenient to plot it versus
its frequency index.

* Hence, after evaluating the N DFT coefficients, the magnitude and phase of each DFT
coefficient can be determined and plotted versus its frequency index.

Amplitude Spectrum:

3

b I v .
= —|X(k)| = =/ (Real|X(k)|)” + (Imag|X(k)|)", k=0,1,2,-,\N—
Ay N\X(R)\ N\/{R [X(k)])" + (Imag[X(k)])", k=0,1,2,~N—1

To find one-sided amplitude spectrum, we double the amplitude keeping the original DC
term at k =0.

"
—|X(0)], &£=0

2

—|X(k)|, k=1,:--,N/2
(M) N/

%
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Amplitude and Power Spectrum -contd.

Power Spectrum:

hlﬂ {{R&al[}t’[k)]f+{Imag£)¢'(ﬁ']lf}a

R W J— S

| 5
Fi= FIX[MI_:

LX) k=0
ZIx®)) k=0,1,..., N/2

—

For, one-sided power spectrum: p _ {

Phase Spectrum:

i = e (Imag[ﬁ((ﬁ;}]

Real X(k)|

),ﬁ;:[}, L, 25000 =1,
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Example 5

Consider the sequence in the Figure, assuming that f; = 100 Hz, compute the amplitude
spectrum, phase spectrum, and power spectrum.

Solution:
X(0) = 10
X(l)= -2+ ;2
X(2) = 2
X(3)= -2- 2.

Fork=0,f=k-f;/N=0x100/4 =0Hz,

1
Ay = H|X(U}| =2.5, @y = tan~" (

1 ;
Py = —|X(0)*= 6.25.

x(n)
4T 3
3 T+ L] 2
2T 1
See Example 2. 14 T
0 2 ill 2
To=NT
]

lmagim;ﬁ)
Real(| X(0))

CEN352, DR. Nassim Ammour, King Saud University
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Example 5 -contd. (1)

Fork=1,f=1x100/4=25Hz,

[ Imag/ X (1
Ay = Z|X(1)| = 07071, ¢, = tan™" ( mag| X( )]) — 135°,

P, = 4%|X(1)|1: 0.5000.

Real X(1)

Fork=2, f=2x 100/4 = 50Hz,

4y = 11X(@)| = 0.5, @, = tan™’ Imag[ XD\ _ 1gq0
4 Real| X'(2)]

1
Py= 1X(2)|*= 0.2500.

Similarly, for k= 3, f =3 x 100/4 = 75 Hz,

1
A3 = E|X{3)| = 0.7071, @; = tan™" (

P; =;—3|X(3)|3= 0.5000.

Imag[X(3)]\ 0
Real[)c’(’_’n)]) =~

25
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(4 N

4 .
s 2.5
27 0.7071
0.?.??1 05 .T
| T | k
0 1 2 3
| | | I f(Hz)
0 25 50 75

Qmplitude Spectrum j

2000 - 1807
1350

1000 +

0o 3

» 1 l k
1 0 1 2
—100° +

—1350

4 1
{25
oL 1.4141
I i
0 1 2
I I |
0 29 20

k
f[Hz)

@e sided Amplitude Spectrum/
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Example 5 -contd. (2)

E__

*6.25

4 4
065 gos 0.5
T » 1
o2 3

Kk
f (Hz)

0 29 =20 72

\ Power Spectrum

/
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Example 6
Consider a digital sequence sampled at the rate of 10 kHz. If we use 1,024 data points and
apply the 1,024-point DFT to compute the spectrum,

a. Determine the frequency resolution;
b. Determine the highest frequency in the spectrum.

Solution:

Af _ fs _ 10000
a3 =N~ 1024

= 9.7/6 Az

b. The highest frequency Is the folding frequency, given by

N fs
fm;i:q = Eﬂf m— E

=al2-9.776 = 3000 Hz.
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FFT: Fast Fourier Transform. Zero Paddlng for FFT

L. A fast version of DFT; It requires signal length to be power of 2 (N = 2, 4, 8, 16, ...).

=
Therefore, we need to g 2 “"““‘_JI‘“—“‘" - Bos B R e e e O
s 1 o1b @ .
pad zero at the end of g 0 EJJH{IHJ e S :
I =4 o ) : E T o : 0
the signal. S2p——fomm—myg 5 Pl 1100000
O o2 10 0 20 100
Number of samples = Frequency (Hz)
x(n) 0<n<N-1 » 5
X(n) = e S sf——i oI Bosl—— 1 ________]
() N<n<N-1 N 4P . P ! Q P i 5
S=RH= 5 Q
0 - o i (F SHE-Gb o I
. £ PN RN & © @ I e
However, it does g 2f—-©-4—Jzewpaddingll £ ¢ |7 |000dbee?|? T
not add any new a o 5 10 15 £ o 50 100
] f ] Number of samples = Frequency (Hz)
Information. o =
S 2T g 0.5 D IIe.--R
3 |
. . e - |
The frequency spacingis 2 & e © |
O Ll 1 ___|ze adding = jn | Follin
reduced due to more 3 2 i = 5§ uﬁﬁfﬁ@mﬁﬁiﬂ
. 0 0 10 20 30 = O =20 100
DFT points Number of samples Frequency (Hz)
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Example 7

Consider a digital signal has sampling rate = 10 kHz. For amplitude spectrum we need frequency
resolution of less than 0.5 Hz. For FFT how many data points are needed?

Solution:

Af =05 Hz mp N- % _ ID[*][;DD — 20.000

For FFT, we need N to be power of 2.

214 =16384 < 20000 And 21> =32768 > 20000

Recalculated frequency resolution,

fo 10000
—— = = (.31 Hz.
N 32768-

CEN352, DR. Nassim Ammour, King Saud University 29
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MATLAB Example -1 Crovnr

Consider the sinusoid with a sampling rate of f; = 8,000 Hz. x(n) = E'Si"(ZﬂUUWB SDD)

Use the MATLAB DFT to compute the signal spectrum with the frequency resolution to
be equal to or less than 8 Hz.

Solution:
The number of data points is N — if _8 ';DD — 1.000
A
% Generate the sine wave sequence
fs=8000; & Sampling rate
N=1000; % Number of data points
x=2*sin(2000*pi*[0:1:N-1]/fs5):
xtT=abs(fft(x))/N; %Compute the amplitude spectrum
-5 il "% wil- tCompute the power spectrum

f=[0:1:N—1] *fL—:_ﬁ'N; tMap the freguency bin to the frequency (Hz)
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Power spectrum (DFT)

MATLAB Example -contd. (1)

subplotiZ,1,1): plotif,xf)  ;grid
¥1label ('Frequency (Hz}") ; ylabel (‘Amplitude spectrum {DFT)’);
subplot (2,1, 2):plot(f,P) ;grid

#label ('Frequency (Hz)') ; yvlabel (‘Power spectrum {(DFT)');
£ : | | | |
) I T A
E | | | | |
= | | I I |
B | | I I |
Q05— — b b —
@ | | | | |
14 | | | | |
= | | | | |
AR
[='%
E 0 A ! ! ! ! ! N
0 1000 2000 3000 4000 5000 6000 7000 8000
1 I I I I I Frequency (Hz)
ogbo— e bbb
I I I I I
| | | | |
0o4r———-t-———4——f—— e — b — ]
| | | | |
| | | |
ct————-p-——~4---———-4--——-"y-—t -t g
| | | | |
'J 1 1 1 1 1
0 1000 2000 3000 4000 2000 6000 f000 8000
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MATLAB Example -contd. (2)

% Convert it to one-sided spectrum

xuf (2: M) = 2*xf (2:N) ;

% Get the single-sided spectrum

P=xf.*xuf; % Calculate the power spectrum

f=[0:1:N/2]*fs/N % Frequencies up to the folding frequency

subplot(2,1,1);: plot (£, »xf (1:N/2+1));grid
xlabel (‘'Frequency (Hz)') ; yvlabel ('Amplitude spectrum (DFT)');

subplot (2,1, 2) Aplot (£, P{1:N/2 + 1) )|;grid

xlabel ('Frequency (Hz)') ; vlabel {('Power spectrum (DFT)’);

L 2 | | | | | |
S | o
] R e IR e e e
N SN NS (N U N SN A
0 | | | | | |
| | | | | |
_E I | I | | |
= 1 O A B
=1 | | | | | |
E o DY, W N R N R
0 200 1000 1500 2000 2500 3000 3000 4000

Frequency (Hz)

32



MATLAB Example -confd (3)

= ° | |
L | L
S S T T T
E | | | | | |
E | | | | | |
§ ofeoebfoo
2 | | I | I |
o | S N N R
% r 1 | r T 1
a | | | | | |
ﬂ l l | l | l
0 200 1000 1500 2000 2200 3000 3500 4000
R | F%Equency{Hz]
1% Zero padding to the length of 1 024 ]
¥ = [, z2zeros({l,24)];
N =length(x);
xf =abs (fft(x)) /N; $Compute the amplitude spectrumwith zero padding
P=xf *xf; tCompute the power spectrum
f=[0:1:N—1]*s/N; tMap frequency bin to frequency (Hz)

subplot{d; 1, 1) plot{f, 2t grid

xlabel (‘Frequency (Hz)') ; vlabel ('Amplitude spectrum (FFT)');
subplot(2,;1,2)plet{f,P) ;grid

xlabel ('Frequency (Hz)') ; ylabel ('Power spectrum {FFT)');
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Effect of Window Size

When applying DFT, we assume the following:

1. Sampled data are periodic to themselves (repeat).
2. Sampled data are continuous to themselves and band limited to the folding frequency.

AN RO

i AN i
1 Hz sinusoid, =LA T v oy

. | { il / 1 I
with 32 ML b L

samples SERE It

p I __LF________T_l__L___:______-i__l;r ______

L EDVE L

15 20 2D 30 35
Window size: N =16 (multiple of waveform cycles)
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Effect of Window Size -contd. (1)

If the window size is not multiple of waveform cycles, the discontinuity produces undesired
harmonic frequencies:

Discontinuous

0 9 10 15 20 25 30 35 40
Window size: N =18 (not multiple of waveform cycles)
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Effect of Window Size -contd. (2)

Signal samples and
spectra without spectr:
leakage and with
spectral leakage.

2- cycles

0 5

0 o 10

15

Window size: N =1 '-’/'

single frequency /7 Sy
Mirror Image
0.8 , :
o | i 5 F'.roduces
% 04 f---f--— s R cm e = single
| | frequency
02 |--+---- e Ea === -
0 bo-oosedecdbenold
0 5 1 15
Window size: N =16
L
o ! i o Produces many
AT T harmonics as well.
£ ] | 1
': [l I i
st i — U
02 Jel - e _:____?::E\I

expected frequency component

plus many harmonics

CEN352, DR. Nassim Ammour, King Saud University

<>5+2- G?‘;’D¢@ﬂ%@w>@ﬂj)>¢
—

Window size: N=18

O 15

Spectral
Leakage

The bigger the

discontinuity, the more
the leakage
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Reducing Leakage Using Window

- I S S S O S o
——_ —-~
~y,

~

~~— __—
e e e o o —

\
Z

// *
\
-7 N
7 \
2 |"-'. .'-"I- AV
. AR VL WFl-2ie (I (SO BN B
£ IR PR FU O
2 S LN DN
: % LN :
2 0.5 - sy S U S o TN SR S
7’ -
D v B N

—
i
i
N
=

(!
-
k
—0
'l.I \
r"':l L

- B 8 10 12 14

Window function, w(n) xw(n) = x(nyjw(n), forn=0,1,---,N—1
Data sequence, x(n)
Obtained windowed sequence, x, (n)

—
o

CEN352, DR. Nassim Ammour, King Saud University
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Example 8

Given,
x(2) = 1 and w(2) = 0.2265; DT T T 1
: | | N \ | | L/
x(5) = —0.7071 and w(5) = 0.7008, Z ncé’-j-- 12&(}; lﬁpTT-ﬂgl\ /l/b_
Calculate,  windowed sequence data 1 | | \l, | | ! |
0 2 4 6 8 10 12 14 16
xy(2)and x,,(5) 1 . ———6— .

Applying the window function
operation leads to

Window w(n)
o
o |
o IS
S
b
____ﬁ___
—F
4 |

I )
2 14 16

10 1
X 2) = x(2) x w(2) = 1 x0.2265 = 0.2265 and % 1 T T T T =€ T T T
Xu(5) = x(5) x w(5) = -0.7071 x0.7008 = -0495%6 X @ Y i i i T TT\‘ i i i ﬁ
5 SRS E OV P S R AN S
Using the window function the B i i i 1« i i i d i
= - 0 2 Z 6 8 10 12 14 I

spectral leakage is greatly reduced. 16

Time index n
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Different Types of Windows

4 )
Rectangular Window (no window):  wg(n) =1 0=n=N — 1
- J

Triangular Window: o) = 1 — ‘2"‘; N1+ U o<n=n_1
r 3\

: : 2mn

Hamming Window: Wam(n) = 0.54 — 0.46 cos (N — l)’ 0=n=N — 1
\ y,
4 D

2mn
Hanning Window: Win(n) = 0.5 — 0.5 CDS(N — l), O=n=N -1

CEN35Z, UK. NasSSIim Ammour, King >aud university
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| | | I m | I |
" " HEIG am
B R N
R S o | L . _ml_w__.|
J e A [
P —— =
o o e R e e
go————o ¢&——
S ————

0
5
S}

|
LN |

_._..,..m_ln‘ 1 1 “
(F— ! !

Different Types of Windows -contd.

p)
Q
@]
(¢0)
S 1 1 1 _ml " " _.m.|
1 1 1 ey 1 b 1 i
) ® © <« & & - © © ¢ N O
2 - - = - = = - -
r_nlU mopuim Jejnbuel | mopuim BuiuueH
-
QL L “ “ “ i N “ “ | “ o
MNog— L e
v " L o—
T _ _ m To) | A O
S o~ [ N -
@) WA ! ! ' ! |
O ¢—T 71T T QP T
CcC = . I I . (] B " . " "
— ! ! ! - | 1 |
W - | P R
A ! ! _mi ! ! “
b4 1 1 1 1 N 1 1 I
S R o I Py ™
T ! _ = n
e T T ! ! W T
C———— e
S S——— T
L 1 1 1 L U 1 L 1 Fa
v+ ©® © ¥ o O - © © ¥ N O
[ [ = [ - - - -

mopuim Jeinbueoay mopuim BulwweH
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Example 9

Considering the sequence x(0) = 1, x(1) = 2, x(2) =3, x(3) =4 and given f;= 100 Hz,
T = 0.01 seconds, compute the amplitude spectrum, phase spectrum, and power spectrum
using the Hamming window function.

Solution:

Since N = 4, Hamming window function can be found as:

27 % 0
Win(0) = 0.54 — [}.4&::}5( ;_ El ) — 0.08

Yr s |
Wil 1) = 0.54 — U.rilﬁcc:s( ;— xl ) — .77

Simalarly, wy,,(2) = 0.77, wi,(3) = 0.08.
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Example 9 -contd. (1)

 The windowed sequence is computed as:

J::w (0) = x(0) x wpm(0) = 1 x0.08 = 0.08
Xw(l) = X(1) x wyn(1) = 2 x0.77 1.54

Xw(2) = X(2) x Wym(2) = 3 x0.77 = 2.31

Xw(0) = X(3) x wyn(3) = 4 x0.08 = 0.32

* DFT Sequence:

X(k) = x(0) W2 + x(1) W + xQ)W + ...+ x(N - )"V

D X(K) = X)W +xw (1) W+ xw (2)WE P 4 x(3) W3
We obtain: X(0) = 4.25
] X(1) = -2.23 - j1.22 VIR S SR
X(2) = 0.53 T NT 4001
X(3) = —2.23 +1.22

CEN352, DR. Nassim Ammour, King Saud University
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Amplitude spectrum

Example 9 -contd.

Power spectrum

(2)

Phase spectrum

1

Ay = 71X(0)] = 1.0625,

A
Ao

Az

%|x|[1}| — 0.6355,

£|X{2}| = 0.1325,

A

L ¥(3) = 06355

Py = %mmn?: 1.1289

P = ;_2|x|;1}|2: 0.4308
1 2

P, = 1lX(2)|" = 0.0176

1 2
Py = 2IX(3) = 0.4308

CEN352, DR. Nassim Ammour, King Saud University
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MATLAB Example -2

Given the sinusoid obtained using a sampling rate of f; = 8,000 Hz
. n
x(n) = 2*5|n(2,DUDw8!UUU)
Use the DFT to compute the spectrum of a Hamming window function with window size

= 100.

Solution:
% Generate the sine wave segquence

f5=8000; T=1/£85; $ Sampling rate and sampling period

% Generate the sine wave seguence
¥ = 2% gin (2000*pi* [0:1:100] *T);

% Apply the FFT algorithm / N
tUsing the Hamming window | ¢arnlv the Hammin : - ot
= - & g window function
N=length(x}; ¥x_hm = x.*hamming (N)’; PF‘I ! :
Fod = IO 1EN —— - : ’ tCalculate the amplitude spectrum
index t = [Ut1liN— 115 xf hm=abs (£ft (x_hm)) /N;
f=[0:1:N—1]1%Es/N; \_ )

xf = abs |: e o {}[] :I ,I"lH H CEN352, DR. Nassim Ammour, King Saud University 44



MATLAB Example -2 contd.

subplot (2,2,1) ;plot (index t,x);grid
¥x1label ('Time index n') ; vlabel ("2 (n)’);

subplot (2,2,3) ; plot(index t,x hm) ;grid

#xlabel ('Time index n') ; yvlabel ('Hamming windowed x(n)’) ;

subplot (2,2,2)rplot (£f,xf) ;oridraxis ([0 £s

0 1]3%;

#label ('Frequency (Hz)'); yvlabel (‘Ak (no window)');

subplot (2,2,4) ; plot (f,xf hm) ;grid;axis

(10 Es0 1))
#label ('Frequency (Hz)'); vlabel (‘Hamming windowed Ak') ;

2 Ilﬁle“'llﬁll'l EE IH
i S -
o L|l||4|L|[||ﬂ|J|H|“J|| g Al |L L
£ 0 ||f|ﬁ|1‘| [miq ]-||-|P|f|]|]-|- L ‘\:rwljﬂl-/}-ul: --1—|]—|fU\f\7ﬂ
) T.I'WH'#.HH 1l e Hﬁ” """"
_o I| 5 H Il
0 100 = 0 50

Time mdex n
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Time index n

100

Ak (no window)

Hamming windowed Ak

vl
o

=
co

=
o

-]

o
ho

—

P

o

AN

=

I
1
I
1
I
1
I
1
I
1
T
1
I
1
I
1
I
1
I
1

0

Frequency (Hz)

2000 4000 6000 8000
Frequency (Hz)
i i .
_______
I I I
““““
| | |
ﬂ ------ e
I I I l
'"”’"T """ R i |'"'
P : : ||L
0 2000 4000 6000 8000
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DFT Matrix

» The N equations for the DFT coefficients can be expressed in matrix form as: Let, wy = e~2/m/N then,

Frequency Spectrum DFT Matrix Time-Domain Samples
xop 7 [ | ] 1T x0]
X[1] 1 Wy .. Wy x{1]
—_— - - _ | A — . W—1) -
xv—11] Lrowlt o wiN D | v — 1
[ DFT coefficient‘m [—‘H signal vector xy
DFT matrix Wy
Compactform : Xy =Wy xy
N-1 )
DFT Equation: X(k)= ZI{HE‘}H’F}H e=0,... N-1
mi =[]

DFT requires N* complex multiplications

CEN352, DR. Nassim Ammour, King Saud University
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DFT Matrix example

Determine the DFT coefficients of the four point segment x[0] = 0,x[1] = 1, x[2] = 2, x[3] = 3 of a sequence x[n]
Solution

2T
We first compute the entries of the matrix W, using the property W¥*N = Wk = e IN* = cos (%ﬂ k) — jsin (2—n k)

N
“uld w® w? wtl . -
The result is a complex Wy W Wy Wy L] | S 11 1 1
matrix given by wo— | e W Wi Wa LW W Wi 1= -1
u:%' Wi wi wg L W3 WE w{ I S
WL, oWwn Whowo | L Wy W W, L i -1 —j
CX[0]] 1 I I 1] [oO] 6 ]
The DFT coefficients are evaluated by X[1] 1 —j —1 il —2+4j2
the matrix-by-vector multiplication X211 |1 =1 1 —1 1 — _9
X3y L3 b =id 3] [—2-j2]
In MATLAB th mputation - Rt - -
ese CompUianons [0 1 2 3] W=diftmtx{d); X=W»

are done using the commands:
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FFT

FFT: Fast Fourier Transform

A very efficient algorithm to compute DFT; it requires less multiplication.

* The length of input signal, x(n) must be 2™ samples, where m is an integer.

~ >

Samples N= 2, 4, 8, 16 or so.

* Ifthe input length is not 2™, append (pad) zeros to make it 2™.

als[a[7]e] = [els[ef7]e]efo]o
N=5

N =8, power of 2
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DFT to FFT: Decimation in Frequency

N-1
DFT:  X(k)= Y x(mW fork=0,1,..., N— 1. wy = e/

twiddle factor
n=0 /
MN—-1)

X(k) = x(0) + x(D)Wy + ...+ x(N — DWWy split Equation

" N AN 2= N i r
X(k) =x(0) + MD)Wy +... +x(? = 1) AN ”(5) WAV L - 1D

(N/2)-1 N—1
k k
X(E) = x(n)Wy' + Z x(n)Wy' ()i (M)
B= n=N/2 P n <—n+%tosumfromzero WN =Wy WN

2TTN
(N/2)—1

(N/2)-1 N — WI\T,lke_WEjk = W&lke_jnk
) = 5% s @) 5 s T )= wikcoay
=i i — oo > \
N/2 2m(N/2) :

Wy'= =P 7 =7 = —1
(N/2)—1 .
k N oo fork =2m (even) - (—1)*=1 compute X(2m)
» X(k) = Z (I(”) + (_]) ‘I(H —I_?)) WN » for k=2m+1 (odd) » (=1)¥= —1 compute X(2m + 1)
n=0 -

CEN352, DR. Nassim Ammour, King Saud University

49



DFT to FFT: Decimation in Frequency

Now decompose into even (k = 2m) and odd (k = 2m+1) sequences. WISTM
(N/2)—1 N (N/2)-1 N 7
X(2m) = Z (x(n) —I—.r(n + E)) wamm  X(2m+1) = Z (x(n) —x(n-i—;))W,’{,W;v””'
n=1 n=_0 =
Using the fa(.:tﬁthat
Wi‘, = g_f% = E_jm = I«Ir:.,wr/rz1
(N/2)-1
X(2m) = ) a(n)Wy}, = DFT{a(n)with(N/2)points}
n=0 N J
(N/2)—1
X2m+1) = ) b(n)WyWy}, = DFT{b(n)Wy with (N/2)points}
n=0
With: i "
N N _ E— .
a(n) = I(H)-i-I(H-I-E), forn = 0, l---,;— | b(n) = x(n) —x(fH—E), forn = 0,1, vy I
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The computation process is [ DFT{x(n) with N points} = {

First
iteration

DFT to FFT: Decimation in Frequency

N/»-1

> Point DFT mp Z

n=0

DFT{a(n) with (N/2) points}
DFT{b(n) W}, with (N /2) points }

a(0) R
7 a(1) > ﬂ—point
7 a2) e
> DFT
a(3) R
0
bO) Wy
7 1
61) .WN? ﬂ—point
NECEIC DFT
1 p(3) ’W,f,”

Copyright © 2007 by Academic Press. All rights reserved.

x(n) WNm/Z and x(n) is a(n) for even k and b(n)W,} for odd k

CEN352, DR. Nassim Ammour, King Saud University

Block1
(Even k)

Block2
(Odd k)
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DFT to FFT: Decimation in Frequency
Using same process . . v X(0) -
-:i[tﬂ \ //—'—\/""—’— v op " ) Block1

(Even indices)
N ——— X(2) | Block2

_ e TW® Cypr — TN N\VAVAY SRS S=low?| - eein
x(3) “‘ A4l L. —— X(6) | (Oddindices)

: : ) C W ~1
Second iteration x4 A0¢0¢‘:. e et —"—'X“W Block3
' (

ot b e X(5) Even indices)

x(6) //\ ::_l W‘f W‘S N ——»——» X (3) } Block4

2 (1)

-t
W1\11/2:e (7)

x(7) / =_: W :i Wy T[_;.;?im e X(7) (Odd indices)
The splitting process continues to the end (until having 2 input points to the DFT block, in this case third iteration).
x(0) X(0)
) X(%) 12 complex
o . *(3) X(6) tiolicat
Third iteration @) gy~ Muitiplication
x(3) X(5)
x(6) X(3)
x(7) X(7)
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DFT to FFT: Decimation in Frequency

Binary index 1st split 2nd split 3rd split | Bit reversal
000 O 0 0 0 000
The index (bin number) of the 001 1 2 4 4 100
eight-point DFT coefficient 010 2 4 P 2 010
becomes inverted, and can be 011 3 6 6 6 110
fixed by applying reversal bits. 100 4 1 1 1 001
101 5 3 S 2 101
110 6 5 3 3 011
111 7 7 7 7 111

For data length of N, the number of complex multiplications:

X inlicati ' 2 hk
Complex multiplications of DFT = N ﬁ For each k (N) we need

N multiplications

— : N
Complex multiplications of FFT = —log, (N)

=

CEN352, DR. Nassim Ammour, King Saud University

For 1024 samples data sequence,
DFT requires 1024x1024 =
1048576 complex multiplications.
FFT requires (1024/2)log(1024) =
5120 complex multiplications.
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IFFT: Inverse FFT

x(n):ﬁz (Wt = — ZX vy fork =01, N-1

k=0

The difference is: the twiddle factor wy is changed to Wy = wy 1, and the sum is multiplied by a

factor of 1/N. 1
X(0) \ 7 V ::><Wﬁ' *0)
X(1) . e x(4)
PNV A== i e 1(2)
X(3) ] A
X(4) d
L, _
X(5) / g V5
X(6) //\l.l Wy Wy _1 m%' x(3)
xay £ XKW
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FFT

IFFT

FFT and IFFT Examples
Bit index 10 Bit reversal
un x(0)=1 > *  X(0) 00
) 6 W) =1 =2 |
oy >\<>/§ W= T ol
10 x(2)=3 =2 M _ - .
! e

2)=13 X(1) 01
I st ,
1 x(3)=4 /\ 2 W, X(3) 11
~1
™
Sequence
©(n) N 4

Number of complex multiplication = % log, (N) = 5 log,(4) =4
Bit index g p Bit reversal

00 X(0)=10 —r—> - Il' x(0)=1 qo

01 X(l}——j-l-jj\ —4 "]1‘]4:] 12 Il. x(2)=13 10
| = . g !

10 X(2)==2 ><>C : x)=2 0l
TR 0 _ l

Il X(3)=-2- ;/\._-._J 4‘;’ iw_na 1, x(4)=4 11

\\Sequence
x(n) 55

=

£
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DFT to FFT: Decimation in Time

Split the input sequence x(n) into the even indexed x(2m) and x(2m + 1) each with N/2 data
points.

(N/2)-1 (N/2)-
X(k) = ) x(Cm)Wm + Z x(2m+ 1)WEWE™ - for k = 0,1, N — 1
m=1) m =)

Using 3} =fe/27/¥ F = g AN — S
(N/2)-1 (N/2)-1
X(h)= Y :Cm)Wyh+ Wy Y x2m+ O)Wyj,, fork = 0,1, N |
m=1() m=10
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DFT to FFT: Decimation in Time

(N/2)-1
. . Glk) = 2m)W™k — DFT{x(2m) with (N /2) points
Define new functions as (k) n;] x(2m) Wiy, ) /2) points)
(N/2)—1
H(k) = x(2m+ )Wy}, = DFT{x(2m + 1) with (N/2) points}
m=10
N N
Gk) = GlE+5]), fork-— 0,1, —1 N 2T 2 N _om
AS' ( 2) B W;/Jrzi =e J(g)(" : =e ](Z)Re ](2)( ): e ](g)ke_ﬂ” = W]\]/(/z
H (k) =H(I:—|—{?—J), f‘mk:(},l,---,i—J—J
(N/2)-1 (N/2)—1
X(k) = Y xCm)Wyh,+ Wy > x(m+ )Wy, , fork = 0,1, N -1
m=10 m=10
é . N )
X(k) = G(k) + WyH(k), fork =0,1,--,——1 P i
2 w2 =T = J(N)ke T @ = ¢k g-in = _yyk

N

N .
X(—+k):a(k)—w§ff(k), for k = 0,1,-+,—— 1 \,
. \Z

_ » WIEJN,“ZH] _ —Wﬁf

57
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DFT 'ro FFT Decimation in Time

x(0) -—k ! . X(0)
7} «— | 4-point G() > ‘\\ *;, . X(1
*2) G(2) S (1)
W e DT e X(@)
. . . x(6) oL A %3
First iteration: 0 i i g X;‘.;
X — I - -
«(3) i 4-point [ HO W, 1 X(5)
5) HO W, [/ ¥ X (6)
X{D) *+— DFET | - o %
x(7) -—\—! iH(EJ LE“; ./ l._._. X(7)
Voo ey Wy ==l
x(0) 1 > s X(0)
) '—Il_ it e e \ ————2 X(])
I{E} -_|_ 2=point Wﬂ —1 . X’(E]
Second iteration: x© —-_ " |- > T"‘vv X(3)
A{l) S e +\ = ¢0A X(4)
x(3) -—l— ik ‘ ‘ X(5)
x(3) o——i ﬂ WA‘. X (6)
| Z—pomni
w7y e—t_oT | PN X(7)
A .‘\. W.,':. _1‘/. W.: _1
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DFT to FFT: Decimation in Time

x(0) > o e X(0
X(2) *5 < o XEI)}
O > »s ~ X(2)
Third iteration: x(6) = > w;i > ’”v X(3)
‘ : R X(4)
X (6)
X(7)
—ETT 27y . (2% TR
Wy =e "’ :CD{EJ_JS“{E} Wi=e ® =e 2=cos(x/2)—jsin(zx/2)=—j
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IFFT: Decimation in Time

Similar to the decimation-in-frequency method, we change Wy, toWN, and the sum is
multiplied by a factor of 1/N.

inverse FFT (IFFT) block diagram for the eight-point inverse FFT

> P . ;._-“}].
« x(1)
« x(2)

x(3)

x(4)
* x(5)
* x(6)
o x(7)

o | o= e ] e | = | o | e | — e | =
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FFT and IFFT Examples

0)= -
x(U)= l:;::>_< 242 X(0)
FFT - “ —" xwm
x(1)=2 %_ — S (¢)
L 2 1/\3-—» " x@)
- W _; —]
Xtm m - » £ f -_r{{]}:
IFFT | S
X“}-‘ =2+ 12 S
'_k><:_;4 o =1 ) i a2)=
X(3)==2- 12-_._ . | ‘.‘.’[3}=4
-1 le = ] —1
o>
FFT Butterfly
o—> >
A —1

CEN352, DR. Nassim Ammour, King Saud University

Xo
W,
X4XV21

2
. Efz
g
3
) 3f3
2
4
3
il

W:
Xs 1
2
Xl 0 0 W34f4
W: W
Xs 21 1 W35f5
W
XEXV | Wgﬁfa
W:
we 7
N N
Stage 1 W has base N, stage 2 has base e
divide by 2 as you add stages.
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Index | | | Index

000 X = - Ag o 000

—

100 x4 -

W,
; X, 001
i o |
010 x; - X, 010
5N OXX
|

011

001 x, 100

101 xq 101

0, 110
_ |

11 Xq X 111

Wi
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Fourier Transform Properties (1)

Time Domain

a. %1

W;

[c. kx[]ll

{FT &
i 118 153 155
Sample munber
L
.rr A

= 132 13
Sample munber

133

Frequency Domain

b X[]

J\

0.1

0.4 0.1 0.8
Frequancy

0.5

|d_ ke X| 1|

\

\

\

0.1

0.3 0.3 od
Fre quency
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0.3

FT is linear:

» Homogeneity

» Additivity

Homogeneity:
X[] ——XI]
KX[] L kX[]

Frequency is not
changed.
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Fourier Transform Properties (2)

Time Domain
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Frequency

Additivity

If :x[n]+x,[n]=x;[n]
Then:Re X [f]+Re X [f]=ReX,[f]
and ImX [f]+ImX,[f]=ImX,[f]
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Fourier Transform Pairs

Delta Function Pairs
in Polar Form
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